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ABSTRACT: Osmotic coefficients and counterion distribution functions of rodlike and flexible polyelec-
trolyte chains have been studied using molecular dynamics simulations of multichain systems with explicit
counterions in salt-free solutions. Using the counterion density profile, we have verified different regimes
in the phase diagram of rodlike and flexible chains predicted by the two-zone model of Deshkovski et al.
The agreement between our simulation results and predictions of the two-zone model is reasonably good
for weakly charged rodlike chains. However, for flexible chains our results for the distance dependence
of the counterion density profile in different regions of the phase diagram are only in qualitative agreement
with the predictions of the two-zone model. The osmotic coefficient changes nonmonotonically with polymer
concentration, in agreement with predictions of the two-zone model. The osmotic coefficient decreases
with increasing polymer concentration in dilute solutions of both rodlike and flexible polyelectrolytes. In
semidilute solutions of flexible chains the osmotic coefficient is an increasing function of polymer
concentration. We have found that position of the minimum in the osmotic coefficient is close to the

overlap concentration.

1. Introduction

The osmotic pressure of polyelectrolytes in salt-free
solutions exceeds the osmotic pressure of neutral poly-
mers at similar polymer concentrations by several
orders of magnitude.’° It increases almost linearly with
polymer concentration and is independent of the chain
molecular weight in a wide range of polymer and salt
concentrations.’™® This almost linear concentration
dependence of the osmotic pressure is due to the
contribution from counterions. However, experimentally
measured osmotic pressure was found to be less than
predicted by assuming that all counterions contribute
to it.27° This discrepancy can be qualitatively resolved
by separating counterions into “free” and “condensed
groups”.1? Only free counterions are able to explore the
solution volume V by each contributing of the order of
ksT/V to the osmotic pressure, where kg is the Boltz-
mann constant and T is the absolute temperature. The
condensed counterions are bound to the polyelectrolyte
chain and do not contribute to the osmotic pressure.
Thus, the osmotic pressure measurements allow a direct
determination of the effective charge on the chain.

The two-state approximation for counterion distribu-
tion in a polyelectrolyte solution is an oversimplification
of the real situation. A more rigorous description of the
distribution of counterions and their contribution to the
solution osmotic pressure can be obtained in the frame-
work of the so-called cylindrical cell model.** Within the
cell model the polyelectrolyte chains are arranged in a
periodic array of parallel cylindrical cells. This model
decouples the counterion and polymeric degrees of
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freedom, providing the equilibrium counterion density
profile for the fixed idealized polymer conformation. The
mean-field approximation of the counterion density
profile is obtained by solving the nonlinear Poisson—
Boltzmann equation describing the distribution of the
electrostatic potential within the cylindrical cell. Un-
fortunately, the major limitation of the cylindrical cell
model is that it is applicable only to semidilute poly-
electrolyte solutions where the distance between chains
is smaller than the chain size. According to this model,
the osmotic coefficient ¢, defined as the ratio of the
solution osmotic pressure 7 to the ideal osmotic pressure
kgTc of all counterions

_
= kgTc (1)

has a weak concentration dependence and increases
with polymer concentration. The cylindrical cell model
gualitatively accounts for the concentration dependence
of the osmotic coefficient in a variety of polyelectrolyte
systems of flexible and rigid polyions.2=5° The predic-
tions of the cell model for counterion density profile and
osmotic pressure were recently tested in molecular
dynamics simulations of the cell model of rodlike
chains.'?13 These simulations demonstrate that even in
the case of monovalent counterions the cell model
underestimates the electrostatic interactions and over-
estimates the osmotic pressure. This disagreement is
probably due to the correlation effects neglected by the
mean-field model.

To avoid some of the limitations of the cell model and
to describe the counterion distribution in dilute solu-
tions, Deshkovski et al.1*15 developed a two-zone model.
In this model the volume occupied by charged rods is
divided into two types of regions. The inner regions are
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cylindrical zones around the charged rods with diameter
of the order of the length of rod L. The outer regions
are spherical zones outside the cylindrical regions that
extend up to the distance between chains. It turns out
that this model also has an exact solution of the
nonlinear Poisson—Boltzmann equation for the electro-
static potential in the cylindrical regions around poly-
ions.1415 In the limit when the outer (spherical) zone
disappears, the solution of the two-zone model is
reduced to that for the classical cell model.** The two-
zone model predicts that in dilute solutions the osmotic
coefficient decreases with polymer concentration whereas
in semidilute solutions it increases with polymer con-
centration. Thus, the osmotic coefficient—and as a
result, the fraction of free counterion—has nonmonotonic
concentration dependence. However, the experimental
data of the osmotic coefficient in solutions of rigid and
flexible polyelectrolytes do not exhibit this nonmono-
tonic dependence on polymer concentration. Most ex-
periments show that the osmotic coefficient remains
virtually unchanged at low polymer concentrations and
increases at higher polymer concentrations.2-5916.17 A
possible explanation for the discrepancy between ex-
perimentally observed concentration dependence of the
osmotic coefficient and the prediction of the two-zone
model is that the polymer concentration is not low
enough to show the upturn in the osmotic coefficient.
However, a word of caution must be said: At very low
polymer concentration the residual salt always domi-
nates the osmotic pressure, leading to its quadratic
decrease with decreasing polymer concentration (linear
decrease of the osmotic coefficient). Thus, one has to
take special precautions when preparing the sample to
be able to experimentally observe the upturn in the
osmotic coefficient.

The computer simulations of polyelectrolyte solu-
tions are free from many complications arising in
experiments—such as the presence of residual salt,
chain polydispersity, and specific interactions of
counterions—and are probably the easiest way to test
the predictions of the two-zone model. The first detailed
analysis of the osmotic pressure in molecular dynamics
simulations of solutions of flexible polyelectrolytes was
performed by Stevens and Kremer.8 Their simulations
confirmed that there are two different scaling regimes
for osmotic pressure z. In a wide range of polymer
concentrations covering both dilute and semidilute
regimes the osmotic pressure, , is controlled by coun-
terions and varies almost linearly with polymer con-
centration, c. Strong deviation from the linear law
occurs far above the chains’ overlap concentration. In
this high concentration regime the electrostatic interac-
tions between charged monomers are almost completely
screened, and the concentration dependence of the
osmotic pressure crosses over to that for solutions of
uncharged polymers. Stevens and Kremer!8 did not plot
the dependence of the osmotic coefficient on polymer
concentrations. The concentration dependence of the
osmotic coefficient can be easily obtained by dividing
the osmotic pressure data by concentration of counte-
rions. Such analysis of their simulation data leads to a
nonmonotonic dependence of the osmotic coefficient on
polymer concentration (see Figure 10c in section 3). At
low concentrations the osmotic coefficient decreases with
increasing polymer concentration whereas at higher
concentrations it increases with polymer concentration.
There is a minimum of osmotic coefficient at the bound-
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Figure 1. Schematic sketch of a dilute solution of rodlike
polyelectrolytes and definition of different length scales for the
two-zone model.

ary between these two regimes. These results are in
good agreement with the prediction of the two-zone
model.1415

In the preceding paper,'® we presented the results of
the molecular dynamics simulations of structural prop-
erties of flexible polyelectrolytes in salt-free solutions.
Our simulations confirmed the effect of counterions on
chain conformations. Strongly charged polyelectrolytes
reduce their effective charge by condensing counteri-
ons.1% This counterion condensation leads to contraction
of polyelectrolyte chains with increasing polymer con-
centration. In the present paper we relate the phenom-
enon of counterion condensation to the osmotic pressure
and the osmotic coefficient of polyelectrolyte solutions.
The results of molecular dynamics simulations of rodlike
polyelectrolytes in a dilute solution are compared with
the predictions of the two-zone model. To elucidate the
effect of chain conformations (its internal degrees of
freedom) on counterion condensation, we compare the
results for rigid and flexible chains. The rest of the paper
is organized as follows. In section 2 we briefly describe
the results of the two-zone model.1415 The details of the
molecular dynamics simulations are given in section 3.
In sections 4 and 5 we analyze the phase diagrams,
counterion distribution functions, the concentration
dependence of the osmotic pressure, osmotic coefficient,
and their relations with counterion condensation for
rodlike and flexible polyelectrolytes. Finally, section 6
summarizes our results.

2. Two-Zone Model14.15

Consider a solution of cylindrical polyions with radius
ro, length L, and charge Q. A dilute solution can be
modeled by placing each polyion at the center of a cell
of size Recen ~ Cpoi 3, Where cpq is the number density
of polyions (see Figure 1). The cell volume is divided
into two zones: a cylindrical zone (), surrounding a
rodlike polyion, and a spherical zone (ll), outside the
cylindrical region (see Figure 1). The electrostatic
potential ¢(r) in the cylindrical zone | satisfies the
Poisson—Boltzmann equation

2
(837 +1 %)fp(r) =47 o(R) exp(elﬁ'; (P) @

where r is the distance from the axis of the cylindrical
polyion, e is the elementary charge, ¢ is the dielectric
constant of the media, and c(R) is the counterion
concentration at the boundary of the cylindrical region
where the electrostatic potential ¢(R) is set to zero.
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Figure 2. Theoretical phase diagram of the two-zone model.
The parameter y, is the bare linear charge density on polyion,
and yr is the effective linear charge density of the cylindrical
region. Phase I: weakly charged polyions. Phase Il: saturated
condensation. Phase Ill: unsaturated condensation. See text
for details.

Here, we consider only systems with monovalent coun-
terions. The inner boundary condition at the surface of
the charged rod at r = rg is controlled by the reduced
linear charge density yo = Qlg/(eL)

)| _ _ 2e %

ar | alg ry )

where Ig = e%/(ckgT) is the Bjerrum length. Note that
the reduced linear charge density yo is the dimension-
less Manning counterion condensation parameter.1° The
outer boundary condition at r = R is determined by the
effective linear charge density of the cylindrical region
yr = Qrlg/(eL), where Qg is the net charge within
cylindrical region, which is equal and opposite to the
charge of the outer region due to the electroneutrality
condition.

dp(r) __2e ag
ar R &l R “)

The solution of the nonlinear Poisson—Boltzmann
equation (eq 2) with the boundary conditions (eqs 3 and
4) leads to the following counterion density profile in
the cylindrical zone as a function of the distance r from
the polyion axis!!

i a2€20.r2(1*2
”IB [r2a _ CZ&]Z

c(r) = (5)

where parameters o and ¢ are defined by the following
equations:

2ayo_l_a
Yo~ 1l+a

Yrr—1l—a

— =20 _ p2
ro _CQ_RU.

yr—1+a ©6)

Equation 6 represents the boundary conditions (eqs 3
and 4) in terms of the model parameters.

The exact solution of the two-zone model predicts
three qualitatively different regimes shown in Figure 2
within the physical range yo > yr of linear charge
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densities yo and yr. These regions are separated by the
line o = 0O (thick solid line in Figure 2)

yr T (1 = ygr) IN(R/1y)
1+ (1 -y In(R/ry)

VO,crit(VR) = (7)

Phase I (yr < y0 < yYocrit(yr) < 1) corresponds to real
values of the parameter o (parameter o is proportional
to 1 — yo for large R). In this regime the electrostatic
attraction is not strong enough to keep counterions
adjacent to the polyion, and most of the counterions are
outside the cylindrical region. The counterion concen-
tration in the cylindrical zone around the polyions has
a power law dependence on the distance r from polyion
c(r) O r—2v. Phase Il corresponds to yo > yocrit and to
the pure imaginary values of the parameter o. In this
range of parameters the charge on the polyion is almost
completely compensated by its counterions, and the
counterion density profile is universal (c(r) O r=?) and
independent of the linear charge density yo on the
polyion. The line oo = 0 on this phase diagram (see eq
7) is the line of second-order phase transitions that
separates phase Il with the self-similar counterion
density profile from phases | and Ill. Phase Il corre-
sponds to the condition 1 < yr < y0 < yocrit(yr) and to
the real values of the parameter a (see Figure 2). Here,
the counterion density profile is c(r) O r=2vs,

To obtain an expression for the osmotic pressure in
the framework of the two-zone model, one has to know
the counterion concentration at the outer boundary of
the spherical region. This requires knowledge of the
electrostatic potential within the spherical zone. How-
ever, we can avoid solving the nonlinear Poisson—
Boltzmann equation and use the relation between the
pressure tensor P(r)d.s and the Maxwell stress tensor
Top(r) = (el4n)(Eo(r)Ep(r) + E2(r)dap), Where dqp is the
unit tensor and E(r) is the aith component of the electric
field vector. Because the system is in equilibrium, the
mechanical and electrostatic forces are balanced at each
point within a cell. This leads to the following relation
between the pressure and the Maxwell stress tensor

Vonp(r)éaﬁ - VaTaﬂ(r) =0 (8)

The integral of the last equation over the volume of the
spherical zone reduces to the integral over the zone
boundaries. The value of the electric field at the outer
boundary of the spherical zone is equal to zero due to
electroneutrality of the two zones. The value of the
pressure tensor at the outer boundary of the spherical
region is equal to the osmotic pressure.

€E*(R) _ kg «
87 2nIBR2\ 7R

7 =KkgTc(R) — -1 —a® = ¥R)

9)

Dividing the osmotic pressure by the ideal pressure of
all counterions, we obtain the prediction of the two-zone
model for the osmotic coefficient

cell

¢ =5y e =D - ) (10)

where Ve and Vi, are the total cell volume and volume
of the cylindrical region, respectively. Equation 10 for
the osmotic coefficient reduces to that derived for the
Katchalsky's cell model®® in the case yr = O correspond-
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ing to semidilute solutions (Vcen = Vin)

1—0o2

ED “”

Peen =

The osmotic coefficient in semidilute solutions (see eq
11) is proportional to the fraction of “free counterions”
1/),0'10,20,21

Equation 10 can be simplified in the limit of not very
large values of the parameter yg 0 1 by assuming that
the variations of the electrostatic potential over the
spherical zone are small, and therefore, counterions are
distributed almost uniformly in the spherical zone with
the average concentration equal to that at the boundary
of the cylindrical cell c(R) (see ref 15)

vrL _ (rr — 1)2 —a?
I6Vout 271R?

c(R) = (12)

where Vgt is the volume of the outside (spherical) zone.
Using this approximation, we can write the following
expression for the osmotic coefficient of the two-zone
model

RV_ ﬁ(1 o ) (13)

dilute ™ T Yo 4V0ut

Equation 13 implies that at infinite dilution (Voyt — )
the osmotic coefficient is proportional to the fraction of
counterions that are outside the cylindrical zone yg/yo.

3. Model and Methodology

The solution of flexible polyelectrolytes is represented
by an ensemble of M bead-spring chains of N mono-
mers, N counterions per chain, and fraction of charged
monomers f = N¢/N confined in a cubic simulation box
with periodic boundary conditions. All charged particles
are taken to be monovalent ions, and therefore, the total
number of charged monomers is equal to the number
of counterions. Excluded-volume interactions between
every pair of monomers and counterions are included
via the truncated Lennard-Jones potential set to zero
at the cutoff.181° The connectivity of monomers in the
chains is maintained by the finite extension nonlinear
elastic (FENE) potential.’®1° The solvent is modeled by
a dielectric medium, with the dielectric constant € such
that all charged particles interact with each other via
unscreened Coulomb potential e?/(er) = kgTlg/r. The
value of the Bjerrum length Ig in all our simulations
was set to 30, where o is the parameter of the Lennard-
Jones potential. The electrostatic interactions between
all charges in the simulation box and all of their periodic
images were computed by the smoothed particle mesh
Ewald (SPME) algorithm.?? We performed simulations
of fully (f = 1) and partially (f = 1/3) charged flexible
chains, with the chain degree of polymerization covering
the interval N from 25 to 300. The model and simulation
details for system of flexible polyelectrolytes have been
described in the preceding paper.t®

To compare counterion condensation in solutions of
flexible and rodlike polyelectrolytes, we performed mo-
lecular dynamics simulations of the rodlike chains of
overlapping spherical monomers with degree of polym-
erization N = 97. The bond length between monomers
as well as their radius is equal to o. Simulations were
performed with M = 16 chains per simulation box with
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Table 1. Phase Diagram of Rodlike Chains (N = 97)
=1 =1/ =1, f=1

c(07®) Yo YR Yo YR Yo YR Yo YR

1.0x10% 05 006 10 008 15 007 30 0.03
10x10° 05 030 10 071 15 076 3.0 0.90
10x10°% 05 049 10 094 15 106 30 120

periodic boundary conditions. We performed simulations
of charged rods with every monomer, every second
monomer, every third monomer, and every sixth mono-
mer charged, which allowed us to explore the range of
linear charge densities yo = Ig/b = 3.0, 1.5, 1.0, and
0.5, where b is the distance between charges along the
chain contour. The simulations were performed at the
monomer number density ranging from 1077072 to
104073, corresponding to the dilute solution regime. The
overlap concentration for the solution of rodlike poly-
electrolytes with degree of polymerization N = 97, and
size L = 960 is ¢* = 4N/aL3 ~ 1.4 x 10 %0 3.

Since solvent in our simulations was modeled as a
medium with effective dielectric constant, the pressure
is equivalent to the osmotic pressure of a salt-free
polyelectrolyte solution. In our simulations we measured
the stress tensor P.28 The contribution of short-range
interactions to the stress tensor PSR is

PSR —

1
iy zmij ® ;570 (14)
1<]

where ® denotes the tensor product and f;;SR is the force
due to short-range interactions between ith and jth
particle separated by distance rj; = r;j — rj. The contri-
bution of the electrostatic interactions PC to the stress
tensor can be decomposed into the real space contribu-
tion, P9, the reciprocal space contribution, P, and the
correction component, P<" (see ref 22 for details). In the
isotropic case the trace of the electrostatic contribution
to the stress tensor Tr PC is equal to the negative of
the electrostatic energy per unit volume. In the case of
the rodlike chains (without intrachain interactions), we
have corrected the expression for the osmotic pressure
by eliminating the intrachain contributions.?2 In our
simulations the osmotic pressure & = mrig — Tr P/3 (where
TTiq 1S the ideal contribution to the osmotic pressure) was
obtained by averaging the main diagonal components
of the stress tensor P over the simulation run.

4. Tests of the Two-Zone Model

4.1. Rodlike Chains. a. Phase Diagram. We begin
our test of the two-zone model by constructing the phase
diagram for solutions of rodlike chains. The phase dia-
gram for rodlike chains can be obtained either by
changing the linear charge density yo on the polyions
or by changing their concentration. Both of these factors
result in variations of the reduced linear charge density
of the cylindrical region yr.

Table 1 summarizes our data for the phase diagram
of rodlike chains shown in Figure 3. The thick solid line
in Figure 3 is the analytical line o = 0, separating dif-
ferent regimes in the phase diagram. The symbols rep-
resent the simulation results for the reduced linear
charge density of the cylindrical zone yr for different
values of the bare linear charge density yo of the cylin-
drical polyion. In the case of rigid chains the parameter
yr Was obtained from integration of the counterion den-
sity c(r). The counterion radial number density is de-
fined as c(r) = n(r)/v(r), where n(r) is the number of



Macromolecules, Vol. 36, No. 9, 2003

4.0 =
3.5 o ¢=10%¢" L7
o ¢=10%¢" o
3.04 a ¢=10"¢" ’
2.5 e

Figure 3. Phase diagram of rodlike polyions with N = 97.
The thick solid line is the phase boundary, separating regime
with counterion condensation (oo = 0). The thin solid lines are
analytical solutions for effective linear charge density yr of
the cylindrical region as a function y, at different polymer
concentrations ¢ = 1076, 1075, and 10~ (6™ 3), respectively (from
top to bottom).

counterions in the cylindrical shell of radius and v(r) is
the shell volume. To minimize the end effects, only the
counterions located in the interval —L/4 <z < L/4 from
the center of the rod were taken into account in the
evaluation of n(r). The thin solid lines in Figure 3 are
theoretical iso-concentration lines for the function
yr(y0). These lines are close to simulation points but con-
sistently overestimate parameter yr in comparison with
the simulation values by a small amount. This overes-
timation can be partially due to the correlations between
charges ignored by the mean-field theory. The largest
difference between simulation data and theoretical pre-
dictions is of the order of 0.2 and occurs for polymer
concentrations close to the chains’ overlap, where the
two-zone model is the least applicable. Most of the
simulation data corresponds to regime Il with counte-
rion condensation (see Figure 2).

b. Counterion Density Function. In Figure 4 we
plot the counterion concentration around the rodlike
polyions for the values of the parameter yo = 0.5 (Figure
4a), 1.0 (Figure 4b), 1.5 (Figure 4c), and 3.0 (Figure 4d).
The solid lines are analytical solutions (eq 5) of the
nonlinear Poisson—Boltzmann eq 2 of the two-zone
model. The agreement between simulation results and
theoretical curves is very good in dilute solutions far
from overlap concentration. However, as polymer con-
centration approaches the overlap concentration, the
theoretical curves significantly overestimate the coun-
terion density. We can also use these plots to verify the
classification of the points into different regimes of the
phase diagram (Figure 3). According to the prediction
of the two-zone model, the counterion density profile c(r)
in region | of the phase diagram decays with distance r
from the cylindrical polyion as c(r) O r—2v. Thus, the
slope of this function depends only on the reduced linear
charge density y on the rodlike polyion. This is exactly
what we observe for the set of lines (yo = 0.5) in Figure
4a. The slopes of the counterion density functions are
close to 2y, (see Table 2). The largest deviation from
the theoretical value does not exceed 6%. In the phase
Il region of the phase diagram the counterion density
profile is universal ¢(r) O r—2 and is independent of both
parameters yo and yr. The agreement between theoreti-
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Figure 4. Counterion distributions around rodlike poly-
electrolytes with bare linear charge densities yo = 0.5 (a),
1.0 (b), 1.5 (c), and 3.0 (d). The solid lines are the ana-
lytical solutions of the nonlinear Poisson—Boltzmann equa-
tion of the two-zone model. The symbols are the simula-
tion results for counterion distribution at different polymer
concentrations ¢ = 1074, 107% and 1078 (¢73) in (a), (b), (c),
and (d).
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Table 2. Slopes of the Counterion Density Functions of
Rodlike Chains Shown in Figures 8 Fitted in the Range

r = 20—1002
c (0‘_3) yo = 0.5 yo = 1.0 yo =15 Yo = 3.0
1.0 x 1074 —1.04 (1) -1.79(-2) —2.14(-2)
1.0 x 1075 —1.08(-1) —2.01(-2) —220(-2) —2.67(-2)
5.0 x 1076 —2.75 (=2)
1.0 x 1076 —1.12 (1) —2.12(=2) —2.72(-2.5)
a Theoretical values are shown in parentheses.
8
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Figure 5. Phase diagrams for system of fully (f = 1) (a) and
partially (f = 3) (b) charged flexible polyions in dilute
solutions. Open symbols represent points belonging to phase
111, and filled symbols show the points within the counterion
condensation region (phase IlI).

cal predictions and our simulation results is reasonable
for all simulated concentrations with yo = 1 and two
polymer concentrations ¢ = 107%¢ and 10~5¢—2 for the
reduced linear charge density yo = 1.5 (see Table 2).
However, the value of the slope —2.72 for the point with
¢ =10"%"2%and yo = 1.5 is much larger than one would
expect for the point within the phase Il region. This
point is very close to the boundary between phase 11
and phase I11. In the phase 11l the counterion density
profile is ¢(r) O r=2=, The slope —2.72 is closer to double
the value of the reduced linear charge density yr of the
cylindrical region 2yr = 2.5. The agreement with pre-
dictions of the two-zone model is not so good for the
larger value of the reduced linear charge density yo =
3. Here, the counterion density decays much faster than
predicted by the theory (see Table 2).

4.2. Flexible Chains. a. Phase Diagram. The
extension of the two-zone model to flexible polyelectro-
lytes is not straightforward. The model was developed
for solutions of charged cylinders with well-defined
linear charge density yo and well-defined radius ro. It
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is therefore not directly applicable to flexible polyelec-
trolytes. The linear charge density is not well-defined
for flexible polyelectrolytes because the backbone with
charges is not straight. The backbone of flexible poly-
electrolytes forms a complicated trajectory with shape
changing with time and average shape changing with
polymer concentration. The linear charge density of
backbone charges depends on the distance between the
point of observation and the nearest monomer. We
define linear charge density yo as the ratio of the net
charge on the chain fN and the average value of the
root-mean-square end-to-end vector R.. Note that this
linear charge density yo = fN/R. is higher than the
charge density “observed” from points within the “cy-
lindrical” zone. Another parameter of the two-zone
model that is not well-defined for flexible polymers is
the cylinder radius ro. We assume that the size ro of
the effective cylinder is equal to . An important dif-
ference between rigid cylinders and flexible chains is
that the latter shrink as polymer concentration in-
creases, and therefore, the linear charge density of
backbone charges yo increases with polymer concentra-
tion.

The reduced linear charge density of the cylindrical
region yr was obtained from integration of the counte-
rion density function c(r). To calculate c(r), the space
around flexible chain was divided into small cubes with
volume Av. The distance r is defined as the distance
between the center of a cube and the closest monomer
on the polymer backbone. During the simulation runs
we calculated the average number n(r) of counterions
at distance r. The counterion density c(r) is defined as
c(r) = n(r)/((m(r)Av), where m(r) is the number of cubes
with volume Av at distance r from the polymer back-
bone. Once again, to eliminate the end effects, only the
counterions located in the interval —Re/4 < z < R/4
from the center of mass of the chain along its elongation
direction were taken into account.

Tables 3 and 4 summarize our data for the phase
diagram of flexible chains. The classification of the
points in Figure 5a,b was made by comparing yr with
its critical value given by eq 7 for different chain
lengths, polymer concentrations, and ro = o. This choice
of the diameter is not crucial because it enters eq 7 only
logarithmically. The points in regime |11 are labeled as
open symbols whereas the points in regime Il are
labeled as filled symbols. We can observe that in this
case most of our simulation data correspond to regime
111 of the phase diagram.

b. Counterion Density Function. Figure 6 shows
counterion density profiles around flexible chains for
various chain lengths and charge parameters. For flexi-
ble chains, counterion distribution is controlled by the
two factors. With increasing polymer concentration the
fraction of counterions within the cylindrical region
increases. This effect is similar to the solution of the
rigid chains and is associated with the translational
entropy of counterions. However, for flexible chains
there is another effect: The increase of counterion con-
centration within the cylindrical region leads to contrac-
tion of polyelectrolyte chains.

We performed the same analysis of the counterion
density function c(r) in the solutions of flexible chains
as in the case of rodlike chains. The agreement between
predictions of the two-zone model for the slope of the
counterion density function c(r) and our simulation
results for the systems of flexible chains is not as good
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Table 3. Phase Diagram of Fully Charged Flexible Chains (f = 1)

N =25 N = 40 N = 60 N =94 N =187 N = 300
C (079 70 7R 70 7R 70 7R 0 YR Y0 YR 70 7R

3.0 x 103 6.06 1.62

1.5 x 103 5.98 1.91 6.56 1.87 6.84 0.91

5.0 x 1074 5.70 2.14 5.87 1.72 6.32 1.52

1.5 x 104 5.41 2.27 5.64 1.92 5.64 1.60 6.50 1.68 7.00 0.79

1.0 x 1074 6.38 0.47

5.0 x 10-5 5.30 2.39 6.08 0.79

1.5 x 105 5.08 2.14 5.07 1.97 5.22 1.61 5.05 1.16 5.23 0.91

1.5 x 108 4.39 2.84 4.35 2.53 4.06 2.15 4.03 1.81 3.83 1.47

1.5 x 107 3.65 3.50 3.28 3.03

Table 4. Phase Diagram of Partially Charged Flexible Chains (f = 1/3)

N =25 N =40 N =60 N =94 N =187
c(07® 0 VR 70 VR 70 VR 0 YR o 7R
1.5 x 1072 3.08 0.705
5.0 x 1073 2.90 1.39 3.11 1.00 3.44 0.44
1.5 x 103 2.75 1.69 2.90 1.43 3.01 1.12 3.17 0.69
1.5 x 1074 2.54 2.00 2.56 1.78 2.61 1.57 2.68 1.34 2.68 0.83
15 x10°° 2.36 1.96 2.32 1.77 231 1.56 2.39 1.27
15 x 1076 2.40 2.22 2.21 2.09 2.14 1.94 2.06 1.76 2.05 1.58
1.5 x 1077 2.32 2.25
Table 5. Slopes of the Counterion Density Functions of Flexible Chains Shown in Figures 9 Fitted in the Range
r = 1lo—502
c (079 @ N=94,f=1; (b) N=187,f=13 C)N=94,f=1 (d)N=187,f=1
1.5 x 10-3 —2.41 (-2)
1.5 x 104 —2.24 (—2.68) —2.30 (-2) —2.40 (—3.26) —2.34(-2)
1.5 x 107° —2.46 (—3.12) —2.39 (—2.54) —2.73 (—3.22) —2.84 (—2.32)
1.5 x 107 —2.62 (—3.52) —2.45 (—3.16) —3.59 (—4.3) —3.42 (—3.62)

a Theoretical values are shown in parentheses.

as for the systems of rodlike chains. For flexible chains
the difference between simulation results and theoreti-
cal values is within 40% (see Table 5). But the two-zone
model is not expected to work quantitatively well for
flexible polyelectrolytes.

5. Osmotic Coefficient of Polyelectrolyte
Solutions

5.1. Dilute Solutions. Figure 7 shows the osmotic
coefficient of rodlike (Figure 7a) and flexible fully
charged (Figure 7b) polyelectrolytes in a dilute salt-free
solution. The solid lines in Figure 7a are predictions of
a two-zone model (eq 13). These figures show a decrease
in the osmotic coefficient ¢ with increasing of polymer
concentration c. This behavior is not only in good
qualitative agreement, but for some data, even in good
guantitative agreement with the predictions of the two-
zone model. To verify the predictions of eq 13 for the
osmotic coefficient, Figure 8 shows a universal plot of
reduced osmotic coefficient in yo ¢/yr as a function of
normalized polymer concentration c/c*. For the rodlike
chains we defined the overlap concentration c* to be
equal to 4N/(zL3). All points collapse onto the uni-
versal curve as predicted by eq 13 for rodlike polyelec-
trolyte solutions (see Figure 8a). However, the size R
of flexible chains is a function of polymer concentration—
polyelectrolytes contract with increasing concentration.
To collapse all points into one universal curve and to
take into account the chain contraction in Figure 8b,
we plotted reduced osmotic coefficient yo ¢/yr Vs the
ratio of polymer concentration ¢ to monomer concentra-
tion within cylindrical region cz[Re(c)]¥/(4N). All points
once again collapse into one universal curve, proving
that the two-zone model adequately describes our
simulation results for flexible chains as well. A reason-
able collapse of our data can also be obtained by plotting

yo ¢lyr Vs clc* (see Figure 8c). However, in this case the
collapse is not as good as in Figure 8b. The success of
eq 13 in describing our simulation results can be used
to experimentally estimate the fraction of counterions
yrlyo distributed outside the volume of a polyelectrolyte
chain. According to eq 13, this fraction can be estimated
as

"R o (1 — cfe®)g (15)
Yo

5.2. Semidilute Solutions. In Figure 9 we plot
concentration dependence of the osmotic coefficients of
fully (Figure 9a) f = 1 and partially (Figure 9b) f = /3
charged flexible chains in a ®-solvent. To compare our
results with previous computer simulations by Stevens
and Kremer,!8 their data are shown in Figure 9c. The
positions of overlap concentrations are marked by
arrows. We can observe that the osmotic coefficient has
nonmonotonic dependence on polymer concentration. It
decreases with polymer concentration in dilute solutions
and increases with the polyelectrolyte concentration
above the overlap concentration. Far above the overlap
concentration, the osmotic coefficient is almost inde-
pendent of the chain degree of polymerization N, and
all points collapse onto one curve. At higher polymer
concentrations both our simulation results and the
results presented in ref 18 suggest that the concentra-
tion dependence of the osmotic pressure approaches that
of uncharged polymers in good solvents.

According to the scaling theory, the osmotic pressure
of semidilute polyelectrolyte solutions is the sum of
polymer and counterion contributions2425

T _ L
=t (16)
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Figure 6. Counterion distribution around flexible polyions
as a function of shortest distance r to the monomer on a chain.
@N=94,f=1Y3; b)N=94,f=1;(c) N=187,f =15 (d) N
=187, f=1.

where f¢ is the fraction of effective charges and & is the
correlation length of semidilute polyelectrolyte solutions.
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Figure 7. (a) Dependence of osmotic coefficient of rodlike
polyions on polymer concentration in dilute solutions. Open
symbols are simulation results. The lines are predictions of
zero-order approximation of the two-zone model. From top to
bottom, the parameter y, is 0.5, 1.0, 1.5, and 3.0, respectively.
(b) Dependence of osmotic coefficient of flexible polyions on
polymer concentration in a dilute solution of strongly charged
polyelectrolyte chains (f = 1).

In semidilute polyelectrolyte solutions the correlation
length & is inversely proportional to the square root of
polymer concentration, & ~ ¢=%2, whereas in solutions
of neutral polymers in good solvent conditions it has
stronger concentration dependence & ~ ¢=%4 (see ref 26).
Dividing the osmotic pressure eq 16 by counterion
concentration, one finds the expression for the osmotic
coefficient in a semidilute polyelectrolyte solution

1
o="f+— (17)

g

To evaluate the importance of the two terms in eq 17,
we present in Figure 10 the total osmotic pressure s of
a semidilute polyelectrolyte solution of fully charged
chains with N = 300 (squares), together with polymeric
contribution to the osmotic pressure (circles). The
polymeric contribution is estimated as kgT/£%. The
correlation length & was evaluated from the intra- and
interchain correlation functions by the method described
in our previous publication.’® As one can see, the
polymeric contribution to the osmotic pressure is neg-
ligible at lower concentrations. It becomes of the same
order of magnitude as the total osmotic pressure at
polymer concentrations of the order of 100c*. Thus, the
osmotic pressure of semidilute polyelectrolyte solutions
is dominated by pure counterion contribution over a
wide range of polymer concentrations.
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Figure 8. Universal plots of yo¢/yr vs normalized polymer
concentration (a) rigid and (b, c) flexible chains. The solid line
in (a) corresponds to eq 15.

The simple scaling theory?42> does not provide the
expression for the fraction of counterions contributing
to the osmotic pressure in semidilute solution. However,
this can be done in the framework of Katchalsky’s cell
model.2° In Katchalsky's cell model a semidilute poly-
electrolyte solution is represented as a periodic array
of chains separated by distance R = [g¢/(7&c)]V2, where
& and gg are the correlation length and number of

+ 04 D> O O

m]
1|Good solvent, from Ref. [18]
o N=16 O
o N=32
& N=64 A
(@
4

03 WA I LA B AL LR LA LA ALLL BRI AL

C (0:3) (c)

Figure 9. Dependence of the osmotic coefficient of flexible
polyelectrolytes on polymer concentrations for fully (a) f=1
and partially (b) f = /5 charged chains in a ©-solvent. Data
from ref 18 for partially charged chains with f = /5 in a good
solvent (c). The arrows in (a), (b), and (c) show the overlap
concentrations at various chain lengths N.

monomers within the correlation length, respectively.
The osmotic coefficient of Katchalsky's cell model is
given by eq 11. To evaluate the osmotic coefficient, we
have to know two parameters o and yo. The evaluation
of the parameter yo is straightforward, using the
number of monomers gg within the correlation length
. In the case of pure complex values of the parameter
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Figure 10. Comparison of the total osmotic pressure x in
semidilute polyelectrolyte solution with polymeric contribution
estimated as kgT/£ for fully charged f = 1 flexible chains with
N = 300.
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Figure 11. Comparison of the osmotic coefficient in semidilute
polyelectrolyte solution with that estimated from Katchalsky’s
cell model (using egs 11 and 18).

a, it satisfies the following nonlinear equation obtained
from the boundary conditions (eq 6):

Yo

la In(%) = arctan(%) + arctan( _ 1) (18)

al o

The results of the evaluation of the osmotic coefficient
from Katchalsky’s cell model?° are shown in Figure 11.
The predictions of the cell model agree reasonably well
with our simulation results for ¢ < 100c*. Nevertheless,
the cell model systematically overestimates the osmotic
coefficient, and the largest deviations are observed in
the concentration interval where polymeric contribution
to the osmotic pressure becomes comparable to the one
due to counterions.

Figure 12a shows the correlations between the over-
lap concentration ¢* and the concentration cmin corre-
sponding to the minimum of the osmotic coefficient of
fully f = 1 and partially f = /5 charged flexible chains
at various chain lengths. In our simulations we used
B-splines?” to fit the simulation data for the osmotic
coefficient around the minimum to determine the posi-
tion cmin and the minimum value of the osmotic coef-
ficient ¢min. Our results indicate that for longer chains
the position of the minimum of the osmotic coefficient
Cmin @pproaches the overlap concentration c*. However,
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Figure 12. (a) Correlation between overlap concentration and
position of the minimum of concentration dependence of the
osmotic coefficient of flexible chain for fully (f = 1) and partially
(f = %/3) charged chains (logarithmic scales). The solid line has
slope 1.0. (b) Dependence of the minimum of osmotic coefficient
on the chain degree of polymerization N. The intercepts are
0.14 and 0.3 for f = 1 and f = /3, respectively.

for shorter chains the minimum systematically falls
below c* toward the dilute regime. For our shortest
chains with number of monomers N = 25, cmin is about
8 times smaller than the overlap concentration c*. At
this concentration the distance between chains is only
twice larger than their size.

The proportionality between cmin and overlap concen-
tration c* is in good qualitative agreement with the
predictions of the two-zone model. According to the two-
zone model, the osmotic coefficient is a decreasing
function of polymer concentration in dilute solutions
with nonzero values of the parameter yr.1*1> However,
in semidilute solutions (yr = 0), the osmotic coefficient
increases with increasing the polymer concentra-
tion.141520.21 Thus, the crossover between increasing and
decreasing behavior should occur around overlap con-
centration c*.

Figure 12b shows the dependence of the minimum
value of the osmotic coefficient ¢min on the chain degree
of polymerization N. This minimum value ¢min is weakly
dependent on the chain length and has asymptotic
values of 0.14 for the fully (f = 1) and 0.30 for partially
(f = /3) charged chains. The limit of infinite N corre-
sponds to infinite dilution limit (R — ) for Katchalsky’s
cell model and to the overlap condition of “infinite”
chains for the two-zone model. The value of the osmotic
coefficient ¢ approaches the Manning limit (2yo)~! at
infinite dilution in Katchalsky’s cell model. Using the
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limiting values ¢min = 0.14 and ¢min = 0.3 for N — oo,
we can evaluate the limiting values of the linear charge
densities vy, for fully and partially charged FENE chains.
These values are yg = 3.57 (f = 1) and yo = 1.67 (f =
1/3). The obtained values of the parameter y, are larger
than that for rodlike chains with the same fraction of
charged monomers (yo =3 for f=1and yo =1 for f =
1/3), implying that flexible chains have higher linear
charge density. This difference suggests that flexible
chains with very large N could be not fully stretched at
their overlap concentration.

6. Conclusion

We have presented a molecular dynamics study of the
osmotic pressure and its relation to the counterion
condensation in solutions of rodlike and flexible poly-
electrolytes. To analyze our data, we used a two-zone
model that describes not only semidilute but also dilute
polyelectrolyte solutions.

Our simulation results for rigid chains are in excellent
agreement with predictions of the two-zone model. We
have been able to identify different phase regions
depending on the values of linear charge densities on
rigid polyion yo and of the cylindrical region yr (see
Figure 3).

The comparison of the counterion density profiles
obtained in our simulations with analytical solution of
the nonlinear Poisson—Boltzmann equation for the two-
zone model clearly shows that this model is in good
guantitative agreement with the simulation results in
dilute solutions (see Figure 4). However, as polymer
concentration approaches the overlap concentration, this
agreement is not so good. It turns out that the analytical
solution overestimates the electrostatic interactions,
leading to higher counterion density in comparison with
that obtained in simulations.

In dilute solutions the osmotic coefficient of rodlike
chains decreases with increasing polymer concentration.
This concentration dependence of the osmotic coefficient
agrees well with the predictions of the two-zone model
(see Figures 7a and 8a) and shows that osmotic coef-
ficient in dilute solutions is proportional to the ratio of
fractions of counterions ygrlyo distributed outside and
inside the volume of a polyelectrolyte chain. This is in
contrast with the classical result?® that states the
osmotic coefficient in a dilute solution is proportional
to the fraction of free counterions 1/yo. This discrepancy
is not surprising since the classical result was obtained
in the infinite dilution limit of Katchalsky’s cell model
that even in this limit keeps cylindrical cell electroneu-
tral. The two-zone model eliminates the electroneutral-
ity requirement for the cylindrical zone, providing
correct asymptotic behavior in the dilute regime. The
decrease of the osmotic coefficient in dilute solutions also
agrees with the results that Gonzalez-Mozuelos and
Olvera de la Cruz?® obtained in the framework of three-
dimensional cell model describing dilute solutions of
charged objects with different fractal dimensionality.
They have shown that the fraction of condensed coun-
terions increases with increasing the polymer concen-
tration.

Similar analysis of our simulation data was performed
in dilute solutions of flexible polyelectrolytes. With
increasing polymer concentration the fraction of coun-
terions within the chain volume increases, leading to
reduction of the net charge of the cylindrical region and
the corresponding reduction of the chain size. Flexible
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chains contract with increasing polymer concentra-
tion,'820 and the bare linear charge density on them
increases. Thus, for flexible chains the linear charge
density yo used in the two-zone model has to be
reevaluated at each polymer concentration. Using this
adjustment, we determined different regions in the
phase diagram in the yo—yr plane (see Figure 5).

The osmotic coefficient of flexible polyelectrolytes
exhibits nonmonotonic dependence on polymer concen-
tration. It decreases with polymer concentration in
dilute solutions where it also follows the simplified
expression eq 13 (see Figure 8b). Osmotic coefficient
increases at higher concentrations. The upturn in the
osmotic coefficient occurs around the overlap concentra-
tion c*. Our simulation results show that for the longest
chains (N = 300, 187, and 94) the position of the
minimum of the osmotic coefficient cmin approaches the
overlap concentration c*, while for shortest ones it could
be as much as an order of magnitude below c* (see
Figure 12a). The nonmonotonic behavior of the osmotic
coefficient with polymer concentration is in good quali-
tative agreement with the predictions of the two-zone
model. According to the two-zone model, the osmotic
coefficient is a deceasing function of polymer concentra-
tion in dilute solutions whereas it is an increasing
function of concentration in semidilute solutions. The
crossover between these two regimes occurs around the
overlap concentration c*, where the spherical zone in
the two-zone model disappears and the two-zone model
reduces to the classical Katchalsky'’s cell model.

Unfortunately, we are not aware of experiments
showing nonmonotonic dependence of the osmotic coef-
ficient on polymer concentration. To see experimentally
such nonmonotonic dependence of the osmotic coef-
ficient, one has to satisfy the following conditions: The
contribution of the counterions to the osmotic pressure
should be larger than that of the residual salt. The
lowest concentration of the residual salt accessible in
experiments is of the order of 107> M. Since the
minimum in the osmotic coefficient observed in our
simulations is around overlap concentration, the overlap
concentration c* of a polyelectrolyte solution should be
above 1073 M for the salt contribution to the osmotic
pressure to remain negligible. Thus, one can use, for
example, fully sulfonated polystyrene with about 100—
300 repeat units to see an experimentally nonmonotonic
dependence of the osmotic coefficient on polymer con-
centration.

In semidilute polyelectrolyte solutions our simulations
confirmed the fact that osmotic pressure is dominated
by counterions in a wide concentration range (see Figure
10). Katchalsky's cell model (eq 11) provides a reason-
able quantitative estimate for the osmotic coefficient
(see Figure 11). The difference between the estimated
value of the osmotic coefficient and the one obtained in
our simulations does not exceed 20% over the wide
range of polymer concentrations. The agreement be-
comes poor at higher polymer concentrations where the
polymeric contribution to the osmotic pressure kgT/&3
is comparable to that due to counterions.
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